In this paper, we use the weighted distance between fuzzy numbers to investigate the approximation of arbitrary fuzzy numbers by weighted distance. We then discuss properties of the approximation strategy including continuity, translation invariance, scale invariance and identity and give an application to the generation of fuzzy partitions.
Introduction
Fuzzy set theory proposed by Zadeh [19] allows us to process and transform imprecise information effectively and flexibly. Fuzzy numbers play a significant role among all fuzzy sets since the predominant representation of information is numeric. Triangular fuzzy numbers have been extensively applied in fuzzy control and fuzzy decision-making [2, 3, 12, 13, 15, 17] . However, some operations such as +, À, · and Ä operations of fuzzy numbers can be complicated to perform [5, 8] . Thus, the following natural question arises:
How can we give the nearest approximation of a fuzzy number and not lose too much information?
Defuzzification in [1, 4, 6, 7, [9] [10] [11] 14, 16, 18] has been proposed as a method for summarizing a fuzzy number. The major idea was to obtain a typical value from a given fuzzy set according to some specific characteristics such as central gravity, median, etc. In other words, each defuzzification method provides a correspondence from the set of all fuzzy sets into the set of real numbers. For example, in 1998, Delgado et al. [4] proposed two parameters (value and ambiguity) to obtain canonical representations of a fuzzy number. In 2000, Ma et al. [14] investigated a defuzzification method to obtain the nearest symmetric triangular fuzzy number. In 2002 and 2005, Grzegorzewski [9, 10] studied interval approximation and trapezoidal approximation of a fuzzy number, respectively. Recently, Abbasbandy and Amirfakhrian [1] proposed the nearest trapezoidal form of a generalized left right fuzzy number, Guerra and Stefanini [11] used a monotonic interpolation algorithm to do approximate fuzzy arithmetic operation, Stefanini et al. [16] presented parametric representation of fuzzy number. These works show that the defuzzification of a fuzzy number is a meaningful topic.
In this paper, we use a weighted distance between fuzzy numbers, which can synthetically reflect the information on every membership degree by the integral of distance of every k-cut set, to investigate weighted triangular approximation of fuzzy number. We then discuss some properties of the approximation including continuity, translation invariance, scale invariance and identity and give an application to the generation of fuzzy partitions.
The rest of our work is organized as follows. In Section 2, we recall some notions of fuzzy number and introduce weighted distance between fuzzy numbers. In Section 3, we investigate the weighted triangular approximation of a fuzzy number with respect to weighted distance and give its general calculating formula. In Section 4, we discuss some properties of weighted triangular approximation such as continuity, translation invariance, scale invariance and identity. In Section 5, we give an application to the generation of fuzzy partitions. The final section is conclusion.
Preliminaries
Throughout this paper, R stands for the set of all real numbers, e R stands for the set of all fuzzy numbers on R, T ðRÞ stands for the set of all triangular fuzzy number on R, A expresses a fuzzy number and A(x) is its membership function 8x 2 R.
Definition 1.
A fuzzy number A is a fuzzy set defined on R characterized by means of membership function A(x), A : R ! ½0; 1,
x 6 a; l A ðxÞ; a < x 6 b; 1; b < x 6 c;
where l A and r A are nondecreasing and nonincreasing functions, respectively. The functions l A and r A are also called the left and right side of fuzzy number A, respectively.
In this paper, we assume that Z þ1
À1
AðxÞdx < þ1:
Definition 2. A fuzzy number A is called a triangular fuzzy number if its membership function A(x) has the following form:
where parameters a and b are positive real numbers, and are called left and right width, respectively. Using the notation in [5] , we write, A = (b, a, b).
Definition 3.
Fuzzy number A is called a trapezoidal fuzzy number if its membership function A(x) has the following form:
where parameters a and b are positive real numbers, and are called as left and right width, respectively. Using the notation in [5] , we write,
If the left and right sides of fuzzy number A are strictly monotone, obviously, A À (k) and A + (k) are inverse functions of l A and r A , respectively. 
the weighted distance between fuzzy numbers A and B, where . The function f(k) is also called weighting function.
Clearly, d(A k , B k ) is the distance of k-cut sets of fuzzy numbers A and B. It reflects the nearness and overlap degree between A k and B k . The function f(k) can be understood as the weight of d 2 (A k , B k ), the property of monotone increasing of function f(k) means that the higher the cut level is, the more important its weight is in determining the distance of fuzzy numbers A and B. Both conditions f(0) = 0 and
ensure that the distance defined by Eq. (1) is the extension of ordinary distance in R defined by an absolute value. That means, this distance d becomes an absolute value in R when fuzzy number reduces to a real number. In applications, the function f(k) can be chosen according to the actual situation. In this paper, we let f(k) = k.
Obviously, the weighted distance defined by Eq. (1) synthetically reflects the information on every membership degree, and the meaning of this distance is visual and natural. Its advantage is that different k-cut sets play different roles. In this paper, we will use the weighted distance to investigate weighted triangular approximation of a fuzzy number, which we simply call weighted triangular approximation.
Weighted triangular approximation
In this section, we use weighted triangular approximation of a fuzzy number to approximately represent a given fuzzy number with respect to our distance d defined by Eq. (1) and propose its calculation expression.
Given a fuzzy number A and its k-cut set
, our aim is to find a triangular fuzzy number T(A) = (t 1 , t 2 , t 3 ) that approximates fuzzy number A, where t 1 is its center, t 2 and t 3 are its left and right widths, respectively. T(A) is called weighted triangular approximation of fuzzy number A with respect to weighted distance d defined by Eq. (1). Here, the k-cut set of triangular fuzzy number T(A) is denoted by
. Hence, we have to minimize
where function f(k) is weighting function. In order to minimize d(A, T(A)), it suffices to minimize the function
2 . Thus, we can get their partial derivatives
The solution is
Considering weighting function f(k) = k, then we have
and
, therefore, the solution in Eq. (4) can also be expressed as follows:
Proof. From the property of weighting function f(k) = k, 2 R 1 0 f ðkÞdk ¼ 1 and Schwarz's inequality, we have 2
Moreover, we can get the Hessian matrix,
And 
It shows that t 1 , t 2 and t 3 given by Eq. (4) minimize D(t 1 , t 2 , t 3 ) and actually also minimize d(t 1 , t 2 , t 3 ) simultaneously. Therefore, we obtain weighted triangular approximation T(A) = (t 1 , t 2 , t 3 ) of fuzzy number A, where t 1 , t 2 and t 3 are given by Eq. (4). h Theorem 2. Let A be fuzzy number with continuous and strictly monotonic side functions l A and r A , then its weighted triangular approximation T(A) = (t 1 , t 2 , t 3 ) can be expressed as follows:
A ðxÞdx:
Proof. For fuzzy number A, since its two side functions l A and r A are continuous and strictly monotonic, then its k-cut set A k ¼ ½l À1 A ðkÞ; r
À1
A ðkÞ for k 2 (0, 1]. Thus, using the well-known formulae for integration by substitution and the integration by parts, we have
Similarly, we have
Thus, we substitute the above expressions into Eq. (5) and have Applying Eq. (6), its weighted triangular approximation T(A) is characterized by
Example 2. Considering the Gaussian membership function AðxÞ ¼ e
Applying Eq. (5), then its weighted triangular approximation T(A) is characterized by
It needs to point out, Fig. 1 shows the weighted triangular approximation for a Gaussian membership function with mean 3 and deviation 0.9. In the following, we apply our weighted triangular approximation in merging two fuzzy numbers into a single fuzzy quantity. Let A and B be fuzzy numbers,
k are k-cut sets of fuzzy numbers A and B, respectively. We try to find a symmetric triangular fuzzy number S = (x 0 , r, r), where x 0 is its center and r is its left and right width, near both fuzzy numbers A and B. Thus, we minimize Kðx 0 ; rÞ ¼
Let oKðx 0 ;rÞ ox 0 ¼ 0;
( Hence, we have
Properties of weighted triangular approximation
In this section, we discuss some properties of weighted triangular approximation.
Theorem 3. Weighted triangular approximation satisfies the following properties.
(1) Translation invariance: 8z 2 R; A 2 e R, then we have T(A + z) = T(A) + z; (2) Scale invariance: 8a 2 R n f0g; A 2 e R, then we have T(aA) = aT(A).
Proof
(1) For fuzzy number A, "k 2 (0, 1], we have its k-cut set
and for an arbitrary real number z, then we can get (
, hence, we have
Considering a is a real number such that a 5 0, then, "k 2 (0, 1], we have (aA) k = aA k . Thus, when a > 0, we have
Similarly, we can get t 2 (aA) = at 2 (A), t 3 (a A) = at 3 (A).
With the same reasoning, we can give the proof when a < 0. h Theorem 4. Weighted triangular approximation satisfies the identity property.
Proof. Suppose a triangular fuzzy number B = (b, p, q), where b is its center, p and q are its left and right width, respectively, and its k-cut set
Hence, its weighted triangular approximation T(B) is determined by
t 2 ðBÞ ¼ 6
Therefore, T(B) = B = (b, p, q), and weighted triangular approximation satisfies the identity property.
Grzegorzewski [9] used the continuity of mappings of fuzzy sets to describe properties of fuzzy sets transformations and introduced continuity to describe approximation operation. For A; B 2 e R, T(A) and T(B) denote triangular approximation of fuzzy numbers A and B, respectively. A mapping T between fuzzy sets is continuous, if "e > 0,$d > 0, dðA; BÞ < d ) dðT ðAÞ; T ðBÞÞ < e, where d is a metric defined on fuzzy number space. h Definition 5. The triangular approximation of fuzzy number is called continuous triangular approximation if it satisfies the above condition for any A; B 2 e R.
Theorem 5. Weighted triangular approximation is continuous triangular approximation.
Proof. For given two fuzzy numbers A and B, and their k-cut sets
) and T(B) = (t 1 (B), t 2 (B), t 3 (B)) are their weighted triangular approximations, respectively, and
] are their k-cut sets, respectively. We order weighting function f(k) = k, applying Eqs. T(B) ) < e. It shows that our weighted triangular approximation is continuous triangular approximation.
In other words, if fuzzy numbers A and B are close enough, then their weighted triangular approximations are also close enough. h
Application
In this section, we apply our weighted triangular approximation to obtain a fuzzy partition from two extreme values for weighting function f(k) = k, k 2 [0, 1].
Example 3. Fuzzy partition
Step 1: Given the extreme values 0 and 1, we define the fuzzy number ''medium'' A 1 as A
Step 2: Merge 0 and A 1 , then we can obtain ''lower medium'' A 21 for which
Thus, A ; r ¼ 1 4 , i.e.,
Step 3: Update the ''medium'' by merging the ''lower medium'' A 21 and ''upper medium'' A 23 . The result is the ''medium'' A 22 with
i.e. A k. Therefore, we obtain a fuzzy partition with five elements P = {0, A 21 , A 22 , A 23 , 1}. In fact, the process is applicable for two arbitrary fuzzy events as well such as linguistic expression ''seldom'', ''medium'' and ''almost all''. It is easy to find that the fuzziness of its elements decreases when the fuzzy partition becomes finer.
Conclusion
In this paper, we use a weighted distance between fuzzy numbers to investigate weighted triangular approximation of arbitrary fuzzy numbers and discuss some properties of the approximation including continuity, translation invariance, scale invariance and identity. Our result generalizes the symmetric triangular approximation in [14] . It shows that our proposed method is reasonable in real life.
However, every defuzzification method or approximation of fuzzy number simplifies the membership function of fuzzy number, thus it certainly causes some loss of information for a given fuzzy number. Our weighted triangular approximation is proposed based on potential applications in fuzzy control. Generally, it is difficult to preserve some properties of the original fuzzy numbers as noted in [4] . 
